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viscous flow (kinematic approach)
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Abstract. Group properties are investigated for unsteady axisymmetric incompressible
viscous flow by means of the kinematic approach of Pillow and Paull. The full symmetry
group and Lie algebra for the original system of three partial differential equations is
derived and is shown to be infinite dimensional. Further group reductions are possible
and some solutions are constructed.

1. Introduction

Three basic kinematic conservation principles suffice to describe unsteady axisymmetric
incompressible viscous flow (Pillow 1970). They concern the conservation of volume,
ring (axial half-plane) circulation (with volume density /) and kinematic swirl angular
momentum (with volume density T). The dynamic role of the pressure field is relegated
to the equations of motion. Following Pillow and Paull (1985), the system of governing
equations is cast in spherical polar coordinates (r, 6, ¢). Thus, away from the axis of
symmetry, we have

r*(=u) I+ (1= ), + 19, =0 (1.1)
r(1-u?)L+r3(1 - wHiwd, - Y.l —vr(1- (1 —p,z)lw —4ul, + r*l,+4rl]

-2(1=u)TT, = 2ruTT, =0 (1.2)

rPT+¢,T, -y, T -v[(1-u)T,, +r°T,]=0. (1.3)

Here ¢ and v are the stream function and the (constant) kinematic viscosity, respec-
tively, and u =cos 6. To simplify the notation, we make the following substitutions
in (1.1)-(1.3): x instead of r, y instead of u, u instead of I v instead of ¢ and w
instead of T.

Then we have

x*(1=yHu+(1=y)v,, + x*0,, =0 (1.4)
x*(1 =y u, +x* (1= y*) (v, = v,u,) — vx*(1 = y2)°[(1 = y*)u,, —dyu, + x*u,, + 4xu, ]

—2(1-y*)ww, — 2xyww, =0 (1.5)

xzw,+vxwy—vywx—V[(l—yZ)wyy+x2w,,]=0. (1.6)

In this paper, the group properties for the system (1.4)-(1.6) are developed. Two
subgroups of the full group are used to generate exact solutions, further group reduction
being possible.
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2. Full Lie group and algebra

The mathematical foundations for the determination of the full group for a system of
differential equations can be found in Ames (1972) and Bluman and Cole (1974) and
the general theory is found in Ovsiannikov (1982). In the spirit of Lie we desire to
find infinitesimal transformations of the form:

t'=t+eT(4, x,y,u,0, w)+0(e?)

x'=x+eX(1,x,y,u v,w)+0(e)

Y =y+eY(t,x,y,u v w)+0(e) 1)
"=u+eU(t, x,y,u,v,w)+O0(e?)

v'=v+eV(Lx, y, u v, w)+0O(e?)

w=w+eW(t,x, yuuvw)+0(e?)

which leave (1.4)-(1.6) invariant. System (2.1) leaves (1.4)-(1.6) invariant if and only
if (u', v, w') is a solution of (1.4')-(1.6') whenever (u, v, w) is a solution to {1.4)-(1.6).
By (1.4')-(1.6') we mean the same equations in the primed variables. By extensive
analysis it is found that the full Lie group leaving (1.4)-(1.6) invariant is given by (2.1)
with

T=2at+B (2.2)
X =ax+h(1)y (2.3)
Y=1_xy2 h(1) (2.4)
U=-3au (2.5)
V=av+ix*(1—y)h' (1) +f(1) (2.6)
W=0 (2.7)

where @ and 8 are two arbitrary parameters and h(t) and f(t) are arbitrary, sufficiently
smooth functions of r. With X, (i =1, 2) representing the generators associated with
the parameters a and B, respectively, it follows that

X, =213, + x93, —3ud, + vd, (2.8)
X2=8,. (2.9)

Also, from the arbitrary functions in (2.3)-(2.6) infinitely many operators of the
following forms are obtained:

2 2

1_
Xa(h) = h(0)y,+ == h(1)s, +

> 1=y (13, (2.10)

X f)=f(1)d,. (2.11)



Group analysis for incompressible viscous flow 5055

Table 1.

X, X, Xy(h) X,
X, 0 -2X, X5(2th'—h) X2 = 1)
X, 2X, 0 X5(h") X4(f)
X,(h) -X,(2th' = h) -X,(h") 0 0
Xalf) -X,Q2f - f} =X 0 0

The commutator table of the Lie algebra for the system (1.4)-(1.6) is given in table
1, where the entry in the ith row and jth column is the commutator of X;, X}, i.e.

X, X|= XX, - X,X,. (2.12)

3. The subgroup generated by the parameter «

We consider the subgroup of the full Lie group (2.2)-(2.7) with a =1 and B=h(1) =
f(t)=0. This subgroup has the associated operator

X, =213, +x8,—3ud, +v3,. (3.1)
The first-order equation for the invariants X, I =0 has the characteristics

E=1/x° n=y (3.2)

u=da(§n)/x’, v=x0(&n) w=Ww(§ 7). (3.3)
Under (3.2) and (3.3) the system (1.4)-(1.6) becomes

(1=n)id+(1 =175, +2£05,+48 0, =0 (3.4)
(1= 0?2, + (1 = n*)X(Di,, + 3ib, — 26,4, + 2¢i,0,)

—-v(1 =" [(1 = n))i,, —4nid, + 10&0, +4£70,, )

—2(1—n*) W, +4&nik, =0 (3.5)
We + OW, ~ 2E0,W,, + 2£0,W, — v[(1 — n°)W,, +6&W, +4£7 W, ] =0. (3.6)

Further group reduction is possible. By lengthy calculations it is found that the full
Lie group leaving (3.4)-(3.6) invariant is given by

§=¢+e(206nVE)+0(e7)

n'=n+e[-c,(1-n*WEI+O(e7)

' =u+e(-3cunvé)+0(e?) (3.7)

<
1

ﬁ+e|:(clnﬁ—c,1—;—§1-”—.+ c:)\/g] +0(e?)
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where ¢, and c, are two parameters. It corresponds to a finite-dimensional Lie algebra
L,. The equations for the invariant surface are obtained from (for ¢, # 0)

{=(1-n"/¢ (3.8)
i=¢7?F(L) 5= n(%—%) +£2G(g)
' (3.9)
w=H({)
where F({), G({), H({) satisfy the ordinary differential equations
F+4G"=0 (3.10)
SUF"+(3{+16v—4c,/c;)F+3F=0 (3.11)
8vtH"+ (3¢ —4c,/c,)H'=0. (3.12)
If we assume c,=2wc,, the general solution of (3.12) is given by
H({)=—-%vA,({+5v) exp(=3¢/8v) + A, (3.13)
with A,, A, arbitrary constants. We also obtain the general solution of (3.11):
F({)= A, exp(—3§/8v)+(A6/8v)[J' I exp(%) d{] exp(—3¢/8v) (3.14)

with A,, A arbitrary constants. Then from (3.10) we have
16 3

G({)=——v'A, exp(——é) + A+ As
9 8v

A Ao o

with A,, A; arbitrary constants. Assuming A¢ =0, the solution of the system (1.4)-(1.6)
resulting from (3.13)-(3.15) is

2 g A2
u(t, x,y)= 1 P P (3.16)
1—- 2y,.3 _u2y42
v(t, x,y)= —2vxy+(——y—)—x—y—199v2,43\/—t exp(—M—>
4t 8uvt
1_ 2 2
A (3.17)
Vi
1_ 2 2 1__ 2 2
w(t, x, y)= —%VAl((—f—)f—ﬁ-%V) exp(—é(—sgt—)f—> +A,. (3.18)

4. The subgroup with =1 and a =0

Here we consider the subgroup of the full Lie group (2.2)-(2.7) with the associated
operator

é=a,+h(z)yax+‘;y h(D)a, +[2°(1 = Y1) +£(D)]a. (4.1)
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It gives rise to the characteristic variables

& =x(1-yH)"? &=xy—h(1)
u=1i(¢, &) v=3x*(1—-yHh(t)+ f(1)+ B(&,, &)
w= w(gl s §2)
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(4.2)

(4.3)

where A'(t) = h(t) and f'(t) =f(t). Under (4.2) and (4.3) the system (1.4)-(1.6) becomes

3. - -

E1l1 — T+ &1 05, =0

3= = - . 3= 4/ - - .
E(Ug, 0, — g, Op,) = 3vE iy — vE (g g+ ) —2WW,, =0

wfzﬁfl - ng ng - V§1(W§l§l + szfz) + Vng =0.

(4.4)
(4.5)
(4.6)

It is possible to calculate the full Lie group leaving (4.4)-(4.6) invariant. It is given by

&i=&+e(a£)+0(e?)

g =6t e(ar+a)+0(e7)
' =id+e(=3a,i)+0(e?)
'=0+e(a,5+a;)+0(e?)

W =w+0(e?)

(4.7)

where a,, a,, a; are three parameters. Then the corresponding Lie algebra is a
finite-dimensional Lie algebra L;. The equations for the invariant surface are found

from (for a, #0)
r=(a,6;+ar)/aié
a=0(7)/& o=—(a;/a,)+ &A(7) w=0Q(7)
where I'(7), A(7) and Q(7) satisfy the ordinary differential equations
F-A+7A'+A"=0
T'A+3TA =3 =Ser T —v(1 + )" =-2Q0' =0
QA-3vrQ —v(1++)Q"=0.
A solution of system (4.10)-(4.12) is

I'(r) =B, A(r)=vr+ B, Q(r)=B,

(4.8)
(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

where B, and B, are arbitrary constants. The solution of system (1.4)-(1.6) resulting

from (4.13) is
u=Bx(1-y?)?

Ve, — €3

v=
4]

w=RB,.

+wxy — vh(1)+ f(1) +3x*(1 = y))h(1) + B, x(1 — y*)'/2

(4.14)

(4.15)

(4.16)
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5. The swirl-free problem

In swirl-free viscous flows (Pillow 1970, Pillow and Paull 1985) the governing equations
(1.4)-(1.6) reduce to

x4(l_yz)u+(1_yz)vyy+x2vxx=0 (51)
x2u, + v, — v, — v[ (1= y*)u,, —dyu, + x’u +4xu,]=0 (5.2)
since the swirl circulation w is everywhere zero. The full Lie group for the system

(5.1) and (5.2) is given by (2.2)-(2.6). Solutions for the system (5.1) and (5.2) are
(3.16) and (3.17), and (4.14) and (4.15).

6. Comment

In the following, we return to the original notation of § 1. Using cylindrical polar
coordinates (x, o, ¢) with x measured along the axis of symmetry, o perpendicular to
it and ¢ the azimuthal angle (so the that the tangent vectors to the coordinate lines
(x, o, @) form a right-handed orthonormal triad with natural basis vectors (x, o, o)),
the velocity ¢ and the vorticity @ can be written in the form

g=Yes_ "" o ¢ 6.1)
a
T, T,

w=—x——o+oldp (6.2)
(02 a

where ¢, T and [ satisfy (1.1)-(1.3).
In § 3, by applying the first group reduction, we obtained
=4 n)/r v —ri(& ) T=W(n) (6.3)
with
where r’=x*+o0° and p=x/r.

Solutions can be generated by solving the system (3.4)-(3.6) for 4, # and w. With
a further group reduction, we found

= F({)/ V1 Y =x(c?/4t-2v)+V1G({) T=H({) (6.9
with
(=0t (6.6)

where F, G and H are given by (3.14), (3.15) and (3.13), respectively.

It is a remarkable fact that (3.13)-(3.15) represent the general solution of the ‘group
reduced’ system. Assuming A, =0, the velocity ¢ and the vorticity w, away from the
axis of symmetry, result in

[ o) e (2)
T=127 37 P Vi o 41)7
8v 3o’ A
+| -tvA g+_> (———)+—3

l: P 1<t 3o exp 8ut o ¢ 6.7

207 307 o 3g?
=2 A LN LA _
@=T A exP( 8vr)x 't As exP( 8v1)¢ (6.8)
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with A; (i =1, 2, 3, 4) arbitrary constants. If we confine the fluid within an impenetrable
cone given by

o=v8ut (6.9)
both the o component and the swirling component of (6.7) satisfy the no-slip condition
if

AZ:_Z%QV2 ev3Al. (610)
Such a cone generalises, with the introduction of time, the conical boundary for the
steady state discussed in Yih et al (1982).

In § 4, we obtained
l=ﬁ(§1,§2) l/’=%72(1—#z)h(t)+f(t)+5(§1,fz) T:W(fngz) (6-11)
with

L=r(1-pH)'"?=0 &=ru—h(1)=x—h(1). (6.12)
Here A'(t) = h(1), and h(t), f(¢) are arbitrary functions of time. Again, solutions can
be generated solving the system (4.4)-(4.6) in &, 0 and w. Applying a group reduction,
it turned out that
I=T(r)/ o’ Y=3h()+f(1)—as/a,+oA(7) T=Q(r) (6.13)
with

~h(1)]+
_alx-h0]+a, 6.14)

where I', A and {1 satisfy the system (4.10)-(4.12). Numerical results can be easily
obtained. The particular exact solution found generates the following velocity and
vorticity:

q=[h'(1)+B,/d)x~(v/0)o+(By/ o) (6.15)
w=(B,/c%)¢ (6.16)

This solution generalises, with the introduction of A'(t), one discussed in Pillow (1970)
for the steady state.
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